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The task of tracking targets, that generate more than one mea-

surement per scan appears in several applications such as extended

object and group tracking. In this case, the target (or group) extent

implies that multiple measurements, drawn according to a spatial

probability distribution, are measured per sensor-scan. However,

applications exist where targets generate several measurements per

sensor-scan, which are not geometrically correlated according to

a distribution in the measurement space. An example for such an

application is Blind Mobile Localization, which is the passive non-

cooperative localization and tracking of mobile terminals in urban

scenarios. In this paper a Probability Hypothesis Density filter for

general models of target-generated measurements is applied to track

targets with multiple measurements per scan, where the measure-

ments do not necessarily have to be spatially related in the mea-

surement space. Furthermore, the problem of numerical feasibility

is identified and two ways of approximating the update equation of

the generalized Probability Hypothesis Density filter are proposed.

Finally, two numerical evaluations are carried out to assess sequen-

tial Monte Carlo-implementations of the generalized PHD-filter.
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I. INTRODUCTION

The purpose of this paper is to investigate the appli-

cability of the generalized PHD-filter [7] to scenarios

with arbitrary target-measurement models. To this end,

approximation conditions and a generalization of the

probability of detection are developed, applied to two

different scenarios and compared to existing standard

approaches.

Fig. 1. Visualization of the field-strength prediction given by the

ray-tracing simulation: For a given observer (black cross) mobile

station (antenna) constellation the color at the emitter location

indicates the received field-strength at the observer. Three multipaths

are visualized (black solid, block dotted, gray) and the interaction

points are plotted as black dots.

Due to the assumption that targets generate condi-

tionally independent observations with at most one ob-

servation per target, the standard Probability Hypothesis

Density (PHD)-filter [26] is not suited for applications

where a target may generate multiple measurements in

one sensor-scan. However, for the problem of extended

object tracking several modifications of the standard

PHD-filter are available (an excellent overview about

existing methods is given in [28]). In [26] the target

extent is modeled by a set of point scatterers, where

each scatterer generates an individual measurement. In

[27] an approximation is presented, based on the ap-

proximate Poisson model of Gilholm, Godsill, Maskell

and Salmon [15], where the target extent is modeled by

a spatial probability distribution. Furthermore, the set

of measurements is preprocessed into associated groups

which represent the individual targets. In [22] the target

extent is modeled by random matrices and in [16], [17],

[18], [20], [19] the approach is combined using PHD

and cardinalized PHD-filters. Furthermore, techniques

for reducing the number of measurement set partitions,

which are essentially based on clustering measurements,

are presented in these references. All methods men-

tioned have in common that they make explicit use of
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the target extent. However, scenarios exist where targets

generate multiple measurements which are not spatially

related in the measurement space.

An example is given by Blind Mobile Localization

(BML) [9], [2], [1], where an observer station (OS)

tracks the state of an electromagnetic emitter in an ur-

ban environment. The boundary conditions of the prob-

lem imply that the OS has to determine the location of

the mobile terminal by only inspecting the transmitted

electromagnetic waves. In urban scenarios the effect of

multipath propagation often is inevitable. This is due

to physical effects on the electromagnetic wave of the

signal such as reflection, diffraction, and scattering. As

a consequence, the observer station receives multiple

signals that have traveled along different paths. Each of

these paths is distinct in either the time of arrival (ToA),

azimuth (angle) of arrival (AoA) or the elevation (an-

gle) of arrival (EoA). Hence, the mobile station (MS),

which is a point target in the sense of [26], generates

several observations, the so-called multipaths. A mul-

tipath is defined by a relative time of arrival (RToA),

an AoA and an EoA. The distribution of measurements

in the measurement space strongly depends on the en-

vironment and a measurement function would be dis-

continuous and difficult to model and calculate. This

makes it impossible to find a general distribution of

the multipath-measurements in the measurement space,

which can be used for the association of targets and

multipaths as it is done in [26] and [27], when prepro-

cessing the measurement set.

In [9] a sequential Monte Carlo (SMC)-implementa-

tion of the standard Intensity filter (iFilter) [33], [32],

which is closely related to the standard PHD-filter [26]

and uses the same assumptions, is applied to the prob-

lem of BML. For the formulation of the likelihood-

function context information of the urban environment

is used in terms of a ray-tracing simulation, which pre-

dicts a set of multipaths for a given OS-MS constella-

tion (see Figure 1, for details on the formulation of the

likelihood-function see [9]). Due to the standard scat-

terer measurement model of the iFilter, it is assumed

that each multipath represents an individual and inde-

pendent measurement. Therefore, the estimated number

of targets is not equal to the true number of targets, but

to the number of multipaths which belong to a target.

A sophisticated method for state extraction, considering

the association possibilities between different multipath-

sets and targets, is also presented in [9]. This state ex-

traction scheme needs to be considered since the target

generated measurement models of the standard PHD-

filter and BML differ. Even though this solution yields

satisfying results, it is an approximation, which assumes

that each multipath represents an individual target, i.e.,

the creation of at most one observation per target, which

is obviously not given for the application of BML. Tak-

ing into account all of the previous considerations a

PHD-filter for targets which generate multiple measure-

ments per sensor-scan without a common distribution in

the measurement space is needed.

The PHD-filter derivation using probability gener-

ating functionals (PGFLs) can be found in [26], [23],

[24], [25] and [35]. A very detailed derivation of the

PHD-filter using the PGFL-framework is presented in

[21]. There, the PHD-filter is derived by modeling a

PGFL, using Bayes theorem and afterwards the up-

date (and prediction) equation of the PHD-filter is ob-

tained by functional differentiation. To derive a PHD-

filter for scenarios, which do not fulfill the standard as-

sumptions, PGFLs represent an appropriate approach.

In [36] and [26] examples of PGFLs for nonstandard

targets are given and the calculation of the respec-

tive Gâteaux derivatives using compositions of so-called

secular functions with functionals is proposed. In [7]

the authors present a general chain rule (GCR) for

functional-derivatives. This result is extended to locally

convex topological spaces in [6] and closely related to

the ideas presented in [36]. It can be used to deter-

mine the Gâteaux derivatives of complex PGFLs, e.g.,

for PGFLs which model target interaction [21, chap-

ter 3]. Furthermore, in [7] a generalized PHD-filter is

developed for arbitrary models of target-generated mea-

surements and general clutter processes. The general-

ized PHD-filter possesses the ability to track targets,

which are themselves point scatterers and create multi-

ple measurements per scan, that are not drawn according

to a spatial probability distribution in the measurement

space.

In [10] the generalized PHD-filter is investigated

and approximation conditions are developed. A small

numerical evaluation is carried out to demonstrate that

the proposed methods are applicable. This work extends

the considerations made there by introducing a gener-

alization of the probability of detection for targets that

generate multiple measurements per sensor-scan. Fur-

thermore, extensive numerical evaluations are carried

out. Especially, the proposed methods are applied to the

challenge of BML for the first time and compared to an

existing approach.

In this paper, the generalized PHD-filter, using a

Poisson-model for the clutter process, is investigated for

the purpose of tracking targets with multiple measure-

ments per sensor-scan. Thereby, a spatial distribution

of the measurements is not assumed. Two approxima-

tions of the update equation of the generalized PHD-

filter with Poisson-clutter are presented to reduce the

number of partitions and thus the computational effort.

To assess the proposed approach two numerical eval-

uations are carried out. First, a multi-target scenario,

where two targets generate multiple correlated measure-

ments, is investigated and different parameterizations of

an SMC-implementation of the generalized PHD-filter

are applied. The results are compared in terms of the
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estimated number of targets, the mean runtime per up-

date, the optimal sub pattern assignment (OSPA) met-

ric and the root mean squared error (RMSE). Second,

the generalized PHD-filter is applied to a single-target

BML-scenario and it is compared to an adaption of the

standard iFilter, presented in [9] in terms of the RMSE

and the processing time. A detailed investigation of the

different likelihood-functions in the BML-scenario of

the two compared approaches closes the numerical eval-

uation.

This paper is organized as follows. Section II gives

an overview of the relation between PGFLs and the

PHD-filter. Section III considers the formulation of the

problem. In III-A the generalized PHD-filter with Pois-

son clutter model is presented. Section III-B investigates

the computational complexity for scenarios where tar-

get measurements are not spatially related. Section IV-A

proposes two ways of approximating the update equa-

tion of the generalized PHD-filter with Poisson-clutter

and without using a distance-criterion in the measure-

ment space. Two numerical evaluations are carried out

in Section V. In Section V-A different parameterizations

of SMC-implementations of the generalized PHD-filter

are applied to a multi-target scenario.The generalized

PHD-filter is applied to a BML-scenario and compared

to the standard iFilter adaption presented in [10] in Sec-

tion V-B. Conclusions are drawn and future work is

presented in Section VI.

II. PROBABILITY GENERATING FUNCTIONALS AND
THE PHD-FILTER

This section follows the considerations and notation

of [21], which is based on [26], [23], [24], [25], [34],

[8] and [30]. It has to be pointed out that all the work

presented in this section has been presented first in

[26], [23], [24], [25], [34], [8] and [30]. However, the

notation of this paper is based on [21] and [35] since

the authors consider it to be more intuitive.

This section provides background information about

the connection between PGFLs and the PHD-filter

which are necessary to understand following sections.

However, for details the authors refer to [26], [21],

[34] or [35], which explains the connection between

the PHD- and the Intensity-filter, using PGFLs.

To begin with, let X be a separable metric space. A

typical choice for X is Rd, d > 0, which is sufficient for
the most applications appearing in target tracking. Then

the space of sets of points in X is defined by

EX := Ø[
[
n¸1
X (n), (1)

where X (n) is the space of sets of size n 2N, that is
X (n) := ffx1, : : : ,xng j xi 2 X , i= 1, : : : ,ng: (2)

When interpreting X as the target state space in a clas-

sical multi-target tracking scenario, where the number

of present targets are not known, EX can be interpreted

as the collection of all possible combinations of target

states at a given time-step. It is assumed, that each el-

ement ' 2 EX nØ is locally finite, that is each bounded
subset of X must only contain a finite number of points

of ' and simple, i.e.,

8xi,xj 2 ', xi = xj ) i= j: (3)

In terms of target tracking this translates to the assump-

tions that only finitely many targets can be present in

a scenario and that no two targets share the same state.

A stochastic process in the sense of [34] is defined as a

measurable mapping

© : (−,F ,P)! (EX ,B(EX )), (4)

where (−,F ,P) is an arbitrary probability space and
B(EX ) denotes the Borel ¾-algebra of EX . Note that
due to this definition the stochastic model of the point

process is defined on the probability space (−,F ,P),
since © is defined to be a measurable mapping. The

associated counting function for an arbitrary B 2 B(X )
is defined by

N¢(B) : (EX ,B(EX ))! (N,B(N))
' 7!N'(B) := jBj, (5)

which counts the number of elements in B and is

measurable. Then the composition,

N¢(B) ±©=N©(¢)(B) : (−,F ,P)! (N,B(N)) (6)

is measurable, since the composition of measurable

functions is measurable again. It can be interpreted as

a counting-function of the outcomes of the stochastic

process. In target-tracking for example N¢(B) ±© yields
the number of targets in the area B 2 B(X ) for a specific
element in the probability space (−,F ,P). The intensity
measure (first order moment, PHD, etc.) is defined for

an arbitrary B 2 B(X ) by the expectation value

E[N©(¢)(B)] =
Z
−

N©(!)(B)P(d!) =
Z
EX
N'(B)P©(d')

(7)

=: ¹©(B), (8)

and thus yields the expected number of points in B. In

target tracking ¹©(B) for B 2 B(X ) denotes the expected
number of targets in some area B μ X . Therefore, the
intensity measure is not a probability density function.

Instead, it can be described as a function of subsets

of X that determines the expected number of elements

therein. P© denotes the pushforward (image) measure

of P, using the point process ©. For any bounded and
Lebesgue-integrable function

h : (X ,B(X ))! (R,B(R)) (9)
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the PGFL of the point process © is defined by

G©[h] :=
X
n¸0

Z
X (n)

nY
i=1

h(xi)P©(dfx1, : : : ,xng) (10)

=
X
n¸0

1

n!

Z
X n

nY
i=1

h(xi)f©(x1, : : : ,xn)dx1 : : :dxn,

(11)

where f© : X n!R is the multi-object density of the

corresponding Jannossy measure and defined such thatZ
B

n!P©(dfx1, : : : ,xng) =
Z
B

f©(x1, : : : ,xn)dx1 : : :dxn (12)

holds for all B 2 B(EX). Equation (11) holds due to the
assumed absolute continuity of P© and the application

of the Radon-Nikodym Theorem (for details see [26] or

[21, p. 16]).

To illustrate the connection of PGFLs and the PHD-

filter, the update equation (the prediction equation is

derived analogously) is exemplary derived using Bayes

theorem, the definition of PGFLs and functional differ-

entiation. For details see [26], [21, p. 17—p. 24] or [35].

Let X μ Rd, d > 0 be the target and Z μ Rl, l > 0 be
the measurement space. Then

EX =Ø[
[
n¸1
X(n) (13)

and
EZ =Ø[

[
n¸1
Z(n) (14)

are defined analogously to (1). According to the defi-

nition of conditional probability, the multi-joint object

density is defined on the product space EZ £EX by
fZ,X : EZ £EX !R

(Z,X) 7! fZ,X(Z,X) = LZjX(Z j X)fX(X),
(15)

where LZjX : EZ £EX !R denotes the multi-object like-
lihood-function on EZ £EX , fX : EX !R is the distribu-
tion of X on EX . In the same way Bayes theorem for

point processes is given by

fXjZ : EX £EZ !R

(X,Z) 7! fXjZ(X j Z) =
LZjX(Z j X)fX(X)R

EX

1

jX 0j!LZjX(Z j X
0)fX(X 0)dX 0

,

(16)

where fXjZ : EX £EZ !R denotes the conditional multi-
object density on EX £EZ . By multiplying (16) with
(1=jXj!)Qx2X h(x) and integrating over EX the PGFL-
form of Bayes theorem is obtained by

GXjZ[h j Z] =
R
EX

1

jXj!
Q
x2X h(x)LZjX(Z j X)fX(X)dXR

EX

1

jX 0j!LZjX(Z j X
0)fX(X 0)dX 0

:

(17)

In the following we are interested in an alternative

representation of (17). To this end, we first determine

the PGFLs of the multi-object likelihood-function and

derive afterwards the PGFL of the joint state under the

following assumptions (see [26], [35, chapter 5.2]).

1) The target process is a Poisson Point Process (PPP)

on X with intensity function ¹s(¢).
2) Conditioned on the event X = fx1, : : : ,xng, the mea-
surement process is the superposition of n mutually

independent, identical, target-oriented measurement-

processes and a given PPP clutter process on Z with

intensity function ¸c(¢).
3) A target generates at most one measurement in Z.

First, the PGFL of the multi-object likelihood-func-

tion LZjX(Z j X) is considered for different cases. If
X =Ø, the PGFL is given by

GZjX[g jØ] :=Gclutter[g]

:= exp

μ̧ μZ
Z

c(z)g(z)dz¡ 1
¶¶

(18)

due to assumption (2), where ¸ 2R denotes the average
number of clutter and each false alarm is distributed

according to c : Z! [0,1]. Second, let X = fxg. Then it
holds, that

GZjX[g j fxg] =
Z
EZ

1

jZj!
Y
z2Z
g(z)LZjX(Z j fxg)dZ

= LZjX(Ø j fxg)+
Z
Z

g(z)LZjX(fzg j fxg)dz

=:Gobs[g j x], (19)

where (19) is given due to assumption (3) and

g : (Z,B(Z))! (R,B(R)) (20)

denotes a bounded and Lebesque integrable test-func-

tion. Let L̂ZjX and pD be defined on Z £X and X,

respectively such that

LZjX(fzg j fxg) = pD(x)L̂ZjX(z j x) (21)

and

LZjX(Ø j fxg) = 1¡pD(x), (22)

where x 2 X, z 2 Z. This implies

GPHDobs [g j x] = 1¡pD(x) +pD(x)
Z
Z

g(z)L̂ZjX(z j x)dz,
(23)

where x 2 X. From now on due to simplicity L̂ZjX is
denoted by LZjX . Third, let X = fx1, : : : ,xng. Then due
to assumption (2) the PGFL is given by

GZjX[g j fx1, : : : ,xng] =Gclutter
nY
i=1

GPHDobs [g j xi]: (24)
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The next step is to find an expression for the PGFL of

the joint state. It holds that

GZ,X[g,h] =

Z
EX

1

jXj!
Y
x2X
h(x)

Z
EZ

1

jZj!
Y
z2Z
g(z) (25)

LZjX(Z j X)fX(X)dZ dX

=

Z
EX

1

jXj!
Y
x2X
h(x)Gclutter

nY
i=1

Gobs[g j x]fX(X)dX
(26)

=GclutterGX[hG
PHD
obs [g j ¢]], (27)

where due to assumption (1) GX is given by

GX[h] := exp(¹(

Z
X

s(x)h(x)dx¡ 1)): (28)

Equation (25) is given due to the definition of condi-

tional probability and (26) holds since

GZjX[g j x] =
Z
EZ

1

z!

Y
z2Z
g(z)LZjXdZ (29)

and (24). The second factor of (27) denotes a composi-

tion of functionals, called branching form of the respec-

tive PGFL and holds due to the definition of PGFLs.

Note, that (27) is obtained by considering

Gclutter

nY
i=1

Gobs[g j ¢] : X!R (30)

as a test-function with respect to x 2 X. In (28) ¹ denotes
the average number of targets and s : R! [0,1] is the

distribution of the targets.

In the following the derivative of a PGFL is needed.

Therefore, let G be a PGFL defined as in (11). Then the

Gâteaux derivative of G[h] with respect to the variation

! is defined by

±G[h;!] := lim
²&0

G[h+ ²!]¡G[h]
²

, (31)

where ! is a real-valued, bounded and Lebesgue-

integrable function on X (or Z). The differentiation with

respect to multiple real-valued, bounded and integrable

variations !1, : : : ,!m is defined iteratively, that is

±mG[h;!1, : : : ,!m] = ±(±
m¡1G[h;!1, : : : ,!m¡1];!m):

(32)

In [26] and [35] it is shown that

LZjX(Z j X) = ±mGZjX[g j X;±z1 , : : : ,±zm]jg=0 (33)

and thus

GXjZ[h j Z] =
±mGZ,X[g,h;±z1 , : : : ,±zm]jg=0
±mGZ,X[g,1;±z1 , : : : ,±zm]jg=0

(34)

holds. Here, ±a denotes Dirac delta at the point a.

The Gâteaux derivative with respect to the Dirac

delta from (33) and (34) has to be investigated carefully,

since Dirac delta is not a proper function [40], [12],

[14], [38] and thus the ordinary Gâteaux derivative

[13, p. 406] is not defined. However, it can be proven

that (31) is well-defined for a large class of PGFLs

[11], in the sense that Dirac delta is approximated by

a series of test-functions, called approximate identities

or Dirac sequences [3, p. 114]. In [11] it is shown that

the Gâteaux derivative with respect to the Dirac delta

from (33) and (34) can be defined using approximate

identities for the class of PGFLs

P2 ´
8<:ª :H!R jª (h) =

X
n¸0

an
n!

¢
Z
X n

nY
i=1

h(xi)f©(x1, : : : ,xn)dx1 ¢ ¢ ¢dxn

9=; , (35)
H´ fh :X !R j h is bounded and

Lebesgue-integrableg, (36)

an 2 [0,1], where the multi-object density f©(x1, : : : ,xn),
x1, : : : ,xn 2 X μ R is either continuous, bounded and in
L1(¹;X n) or in C00 (X n), that is a continuous function

with compact support, n 2 N. Furthermore, in [11] and
[37] it is shown that many well known tracking filters

can be represented by PGFLs from (35).

Finally, the update equation for the first order mo-

ment (or PHD) ¹XjZ is given by an additional functional
derivative

¹XjZ(x j z1, : : : ,zm) = ±GXjZ[h j Z;±x]jh=1: (37)

A computation of (34) and (37) yields the update equa-

tion of the PHD-filter

¹XjZ(x j z1, : : : ,zm) = ¹s(x)
Ã
(1¡pD(x))

+
X
z2Z

pD(x)LZjX(z j x)
¸c(z)+¹

R
X
pD(x)s(x)L̂ZjX(z j x)

dx

!
:

(38)

III. FORMULATION OF THE PROBLEM

A. The Generalized PHD-Filter

The previous section shows how to obtain the update

equation of the PHD-filter by inspecting PGFLs. When

deriving the update equation using PGFLs, essentially

three steps can be identified.

1) Definition of the PGFL of the multi-object likeli-

hood-function GZjX[g j fxg] (see (19)—(24))
2) Definition of the PGFL of the joint state GZ,X (see

(25)—(28)).

3) Functional differentiation to determine the intensity

(see (34) and (37)).

In [7] the authors present the GCR, which is a

generalization of the fourth chain rule for functional
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derivatives from [26]. This can be used to differenti-

ate complex PGFLs. Furthermore, a PHD-filter for gen-

eral target-generated measurement models and a general

clutter process is developed using the GCR. If the clut-

ter is assumed to be Poisson, the update equation of

the general PHD-filter for arbitrary number of measure-

ments per target is given by

¹XjZ(x j z1, : : : ,zm) = ¹s(x)
0@LZjX(Ø j x)+

P
¼2¦(1:m)

³Pj¼j
j=1LZjX(i(¼j) j x)

Qj¼j
k=1,k 6=j ´¼,k

´
P
¼2¦(1:m)

Qj¼j
j=1 ´¼,j

1A ,
(39)

where

´¼,j := 1fa:jaj=1g(¼j)¸c(i(¼j,1)) +¹
Z
s(x)pD(x)

¢LZjX(i(¼j,1), : : : , i(¼j,j¼j j) j x)dx, (40)

and ¦(1:m) denotes the set of all partitions of f±z1 , : : : ,
±zmg, e.g., ¦(1:2) = fff±z1g,f±z2gg,ff±z1 ,±z2ggg. The value
of the likelihood-function LZjX(Ø j x) represents the
probability of a non-detection of target x. The func-

tion i :¦(1:m)!P(Z) is defined as i(f±z1 , : : : ,±zmg) =
(z1, : : : ,zm), for all j 2 f1, : : :mg and

1fa:jaj=1g(¼) =
½
1, if j¼j= 1
0, otherwise

(41)

defines the indicator function. As mentioned in [7] the

probability of detection pD in (39) is defined more

generally as in the standard PHD-filter. A discussion

on this can be found in Section IV-C.

The derivation of (39) can be done analogously to

the standard PHD-filter as described in Section II for

Gobs[g j x] := LZjX(Ø j x)+X
n¸1

1

n!

Z
Z(n)

nY
j=1

g(zj)LZjX(z1, : : : ,zn j x)dz1 : : :dzn
(42)

instead of (23), using the GCR. The difference between

(42) and (23) is that in the second summand of (42) a

sum occurs. This is due to the fact that the generalized

PHD filter does not assume that a target generates at

most one measurement. Instead a target can generate

an arbitrary number of measurements and thus all sets

of size n, that is Z(n) (see definition (1)) need to be

considered. Another possible approach for deriving the

update equation of the generalized PHD-filter is to

use so-called secular functions and the technique of

automatic differentiation as it is done in [36].

Note that (39) can handle correlated measurements

originating from a specific target, since only the as-

sumption that the measurement process is the super-

position of n mutually independent (conditioned on

X = fx1, : : : ,xng) target-oriented measurement-processes
is needed for the derivation of the update equation. In

particular, the measurements are not assumed to be inde-

pendent conditioned on a specific target state. Measure-

ments originating from different targets cannot be cor-

related since in the derivation of the generalized PHD-

filter in [7] the corresponding measurement processes

need to be mutually independent.

B. Computational Complexity of the General
PHD-Filter

The update equation of the PHD-filter for targets

with a general target-generated measurement model

(39) and Poisson clutter is highly complex due to the

combinatorial sum numerically. The number of parti-

tions is growing exponentially with the number n of

measurements and is given by the Bell number Bn. The

exponential-growth of the Bell number is visualized in

Figure 2 and one can see that for an application of (39)

approximations are inevitable. In [16], [17], [18], [20],

[19] and [39] clustering approaches, which are essen-

tially based on the spatial relation of measurements, are

used to reduce the number of partitions. These approx-

imations are possible, if the measurements of a target

are spatially related in the measurement space. How-

ever, scenarios exist where a target generates multiple

measurements per scan which are not spatially related

in the measurement space, e.g., BML. For such scenar-

ios, the partitions in equation (39) need to be reduced

without using any information about the distribution of

measurements in the measurement space.

IV. APPROXIMATION OF THE UPDATE EQUATION

As mentioned in the previous section an evaluation

of all feasible measurement set partitions is not possible

due to the exponential-growth of the number of parti-

tions with increasing set size. Moreover, a reduction of

the number of partitions by the application of clustering

methods is not applicable if measurements that belong

to a specific target are not spatially related in the mea-

surement space. To this end, two novel approaches are

presented in the following section, which approximate

the update equation of the generalized PHD filter, by

reducing the number of investigated partitions without

assuming an underlying spatial distribution of the mea-

surements belonging to a specific target in the measure-

ment space. Furthermore, a generalized definition of the

probability of detection is presented for the generalized

PHD filter.

A. Incorporation of a Priori Information

The first proposed approximation of equation (39)

considers available a priori information about the num-
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ber of generated measurements per target- and sensor-

scan. The idea is to restrict the possible number of

generated measurements, that is to assume that a target

generates at least Nmin 2N and at most Nmax 2 N mea-
surements per sensor-scan. Even though it might seem

obvious how a restriction of the number of measure-

ments per target will influence the update equation of

the generalized PHD-filter, a detailed derivation is car-

ried out in the following to demonstrate how a priori in-

formation and specific assumptions can be incorporated

via a mathematically correct approach into an existing

generalized PHD-filter.

To derive the respective PHD-update equation the

general higher order chain rule, presented in [6] is used.

As in the previous section let

g : (Z,B(Z))! (R,B(R)) (43)

and

h : (X,B(X))! (R,B(R)) (44)

be bounded and Lebesgue-integrable test-functions.

First, the PGFL of the joint state is given analogously

to equation (27) by

GZ,X[g,h] =GclutterGX[hGobs[g j ¢]] = (exp±f)[g,h],
(45)

where

f[g,h] := ¸

μZ
c(z)g(z)dz¡ 1

¶
+¹

μZ
s(x)h(x)Gobs[g j x]dx¡ 1

¶
(46)

and the approximated PGFL of the likelihood-function

Gobs[g j ¢], which incorporates the a priori knowledge
on the number of measurements per target is defined by

Gobs[g j x] := LZjX(Ø j x)+
NmaxX
n=Nmin

1

n!

Z
Zn

nY
j=1

g(zj)LZjX,n(z1, : : : ,zn j x)dz1 : : :dzn:
(47)

Note, that the key to obtain a PGFL-derivable fil-

ters with specific target-generated measurement models,

only Gobs[g j ¢] needs to be adapted. Therefore, incorpo-
rating assumptions/information that is scenario specific,

can be done by modifying Gobs[g j ¢] accordingly. Ap-
plying the general higher order chain rule to determine

the functional derivative of (45) with respect to impulses

yields

±mGZ,X[g,h;±z1 , : : : ,±zm] = ±
m(exp±f)[g,h;±z1 , : : : ,±zm]

=
X

¼2¦(1:m)
±j¼j exp(f[g,h];»¼1 [g,h], : : : ,»¼j¼j[g,h])

=
X

¼2¦(1:m)
exp(f[g,h])

j¼jY
j=1

»¼j [g,h], (48)

where

»![g,h] = ±
j!jf[g,h;!1, : : : ,!j!j]

= ¹

Z
s(x)h(x)±j!jGobs[g;!1, : : : ,!j!j]dx: (49)

For the evaluation of (49) the functional derivative of

definition (47) has to be considered. Therefore, let ! be

an arbitrary element of a partition from ¦(1:m). Then, the

Gâteaux derivative of the functional is given by

±j!jGobs[g;!1, : : : ,!j!j] =
NmaxX
n=Nmin

1

n!
¢ n ¢ (n¡ 1) ¢ : : : ¢ (n¡ j!j+1)

¢
Z
Zn¡j!j

n¡j!jY
j=1

g(z0j)LZjX(i(!),z
0
1, : : : ,z

0
n¡j!j j x)dz01 : : :dz0n¡j!j

(50)

if j!j<Nmin. If j!j 2 fNmin, : : : ,Nmax¡ 1g it is given by

±j!jGobs[g;!1, : : : ,!j!j] =

Ã
LZjX(i(!) j x)

+

NmaxX
n=Nmin

1

n!
¢ n ¢ (n¡ 1) ¢ : : : ¢ (n¡ j!j+1)

¢
Z Nmax

n=Nmin

n¡j!jY
j=1

g(z0j)LZjX(i(!),z
0
1, : : : ,z

0
n¡j!j j x)dz01 : : :dz0n¡j!j

!
(51)

and if j!j=Nmax it is equal to
±j!jGobs[g;!1, : : : ,!j!j] = LZjX(i(!) j x): (52)

If j!j>Nmax the derivative is
±j!jGobs[g;!1, : : : ,!j!j] = 0: (53)

Thus,

±j!jGobs[0;!1, : : : ,!j!j]

=

½
LZjX(i(!) j x), if j!j 2 fNmin, : : : ,Nmaxg

0, otherwise (54)

= 1A(!)LZjX(i(!) j x), (55)

where A := fa : jaj 2 fNmin, : : : ,Nmaxgg. In the following,
the short-hand notation from (55) is used. Given the

functional derivative of the PGFL of the joint state with

respect to impulses the update equation of the corre-

sponding PHD-filter can be determined. It is given by

¹XjZ(x j z1, : : : ,zm) =
±m+1GZ,X[0,1;±z1 , : : : ,±zm ,±x]

±mGZ,X[0,1;±z1 , : : : ,±zm]
(56)

=

0@ X
¼2¦(1:m)

j¼jY
j=1

»¼j [0,1]

1A¡10@ X
¼2¦(1:m)

±B¼[0,1;±x]

1A ,
(57)
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where

B¼[g,h] := f[g,h] ¢
j¼jY
j=1

»¼j [g,h] (58)

and

±B¼[g,h;±x] = ¹s(x)Gobs[g j x]
j¼jY
j=1

»¼j [g,h]

+

j¼jX
j=1

¹s(x)±j¼j jGobs[g;¼j,1, : : : ,¼j,j¼j j j x]

¢
¼Y

k=1,k 6=j
»¼k [g,h] (59)

The evaluation of (57) yields the update equation of

the approximated generalized PHD-filter with Poisson-

clutter. It is given by

¹XjZ(x j z1, : : : ,zm) = ¹s(x)
0@LZjX(Ø j x)

+

P
¼2¦(1:m)

Pj¼j
j=1 1A(¼j)LZjX(i(¼j) j x)

Qj¼j
k=1,k 6=j ´¼,kP

¼2¦(1:m)
Qj¼j
j=1 ´¼,j

1A ,
(60)

where

´¼,j := »¼j [0,1] = 1fa:jaj=1g(¼j)¸c(i(¼j,1))+

¹

Z
s(x)1A(¼j)pD(x)LZjX(i(¼j) j x)dx: (61)

Due to the fact that some summands of equation (60)

are zero, computational effort can easily be saved. A

summand of the sum over all partitions in (60) is zero

if for the respective partition ¼ 2¦(1:m) holds
9j 2 f1, : : : , j¼jg : j¼j j =2 f1,Nmin, : : : ,Nmaxg, (62)

since then either 1fa:jaj=1g(¼j) = 0 or 1A(¼j) = 0. There-
fore, the computational effort can be reduced by reject-

ing the partitions which fulfill condition (62). After re-

jecting the partitions, equation (39) can be evaluated,

since except for the appearance of 1A(¢) = 0 it is identi-
cal to equation (60).

Note, that partitions are not rejected, if they have a

subset, which is of cardinality one. This is independent

of Nmin and Nmax and holds since a Poisson-clutter model

is chosen. Therefore, clutter is modeled as single mea-

surements in the measurement space. However, more

enhanced clutter models could be included. For exam-

ple, in a BML-scenario the context information, which

is available due to a ray-tracer, does not consider cars

and other road users. Therefore, typical clutter sources

in a BML-scenario can be road users, which reflect the

signal emitted by the mobile station and act as new point

sources of the reflected electromagnetic wave(s). Thus,

Fig. 2. Comparison of the Bell number and the number of

partitions due to approximation (60).

multipaths which are received due to the same clutter

source are not independent and hence clutter models

which enable multiple measurements per clutter source

could enhance data fusion algorithms. Obviously, con-

dition (62) then needs to be adapted.

B. Evaluation of Significant Summands

In practical applications, the likelihood-function is

close to zero or might even be represented by zero

for unlikely events due to the numerical resolution of

the computer. Therefore, another practical approach of

reducing the number of partitions which have to be

considered in equation (60) is to evaluate only the

terms for which the likelihood-function value is above

a specific significance-threshold. To this end, a criterion

based on the cardinality of the partition elements is

developed to determine those partitions. Let ¼ 2¦(1:m)
be an arbitrary partition which does not fulfill criterion

(62) and x 2 X be an arbitrary target position. Then, if
9j 2 f1, : : : , j¼jg : j¼j j> 1 and LZjX(i(¼j) j x)· ¿

(63)

is fulfilled

j¼jX
j=1

1A(¼j)LZjX(i(¼j) j x)
j¼jY

k=1,k 6=j
˜́
¼,k ¼ 0 (64)

approximately holds, where ¿ > 0 is a chosen threshold,

which is suitable small, for the significance of a parti-

tion. Note that j¼j j> 1 in (63) has to be fulfilled due to
the first summand in ˜́¼,j , since otherwise it might hap-

pen that only the jth summand of (64) is approximately

zero, while the other summands are significantly larger

than zero. Hence condition (63) can be used to reduce

the number of the considered partitions. If ¿ = 0 in (63),

“¼” can be replaced by “=” in (64).
Note that for the application of this condition the

likelihood-function has to be evaluated for all possible

subsets and all particle positions. The number of all
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possible subsets is given by the binomial series, e.g.,

for a set of m measurements,

NSubsets =

mX
k=0

μ
m

k

¶
= 2m (65)

subsets have to be evaluated. However, depending on

Nmin and Nmax the application of condition (62) already

reduces the number of subsets which have to be con-

sidered significantly, that is for m> 0 and 1<Nmin ·
Nmax ·m an application of condition (62) reduces the

number of subsets of the measurement set, which have

to be considered to

NSubsets = 2
(Nmax+1)¡Nmin+1: (66)

C. Generalization of the Probability of Detection

In [7] the authors emphasize that the probability of

detection in [7, (27)] is defined more generally than in

the standard PHD-filter, where the detection is modeled

by a single Bernoulli-process. If targets generate multi-

ple measurements per scan, the detection process can be

modeled by a discrete probability distribution over the

number of measurements. For (39) and (60) the single-

target likelihood function can be formulated by

LZjX(i(¼j) j x) = p(j¼j j,x) ¢ L̂ZjX(i(¼j) j x), (67)

where the sensor likelihood function L̂ZjX(i(¼j) j x) is
given by

L̂ZjX(i(¼j) j x) = L̃(i(¼j) j x) (68)

and

L̂ZjX(Ø j x) = 1: (69)

Here, x 2 X, where X μ Rd, d > 0 denotes the target
space and ¼j 2 ¼, where ¼ 2¦(1:m) [Ø denotes the set

of partitions for a set of measurements of cardinality m,

defined analogously to Section III-A.

For the definition of the generalized probability of

detection p(¢,x), x 2 X the detection process of the mea-
surements, which are generated by the same target,

needs to be investigated. If the detections (each consid-

ered as a random variable) of the single measurements

are conditionally (conditioned on a specific target) inde-

pendent and have the same distribution (same detection

probability), the detection process can be modeled by a

series of Bernoulli-trials. If this assumption is fulfilled,

a possible choice for p(¢,x) is the Poisson-distribution,
that is

p(n,x) =
¸n

n!
e¡¸, (70)

for all n 2 N and x 2 X, where the parameter ¸ 2R>0
is the expected number of measurements per target. If

the number of measurements, which are generated by a

single target can be restricted to Nmax 2 N the Binomial-

distribution can be used to model the detection process.

It is given by

p(n,x) =

μ
Nmax

n

¶
qn(1¡ q)Nmax¡n, (71)

for all n 2N and x 2 X, where q 2 [0,1] denotes the
detection probability of an individual measurement.

Note, that the Binomial-distribution can be consid-

ered as a special case of the Poisson-distribution. To this

end, let

q :=
¸

Nmax
: (72)

Then

lim
Nmax!1, q!0, Nmaxq!¸

μ
Nmax

n

¶
qn(1¡q)Nmax¡n = ¸

n

n!
e¡¸,

(73)

for all n 2N [29, p. 79].
Thus the Poisson-distribution can be used to model

the detection process for small detection probabilities

of the individual measurements and a large number of

trials, that is in scenarios where the target may gen-

erate a large number of measurements. The Binomial-

distribution can be used if the maximal number of mea-

surements per target Nmax is known. Note, that the two

proposed definitions for p(¢,x), x 2 X are only valid if

the detections of the single measurements belonging to

the same target are conditionally independent and iden-

tically distributed. If this assumption is not valid, other

distributions need to be considered.

V. NUMERICAL EVALUATION

To verify the applicability of the considerations of

Section IV two numerical evaluations are carried out in

the following.

A. Multi-Target Scenario with Correlated
Measurements

In this section, a two-target scenario is considered

(see Figure 3 (a)), where the targets are moving linearly

with a constant speed of 5 m/s (target 1) and 3 m/s (tar-

get 2). The trajectory of the first target starts at (10,5)T

and is directed to (650,400)T. The second target starts at

(10,500)T and is directed to (700,10)T. In each iteration

(the scan time is 1 s) two correlated measurements are

drawn per target according to a Gaussian-distribution

with the following parameters. The mean is given by the

position of the target and the covariance matrix is given

by § =

μ
R C

CT R

¶
, R = diag(10,10) and C = diag(5,5).

Since the probability of detection per measurement is

pD = 0:8, the covariance matrix § is restricted according

to the size of available measurements per target. Further-

more, two clutter measurements are drawn uniformly

per iteration in the field of view, which is given by

FOV := [0,700]£ [0,700]: (74)
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Fig. 3. Visualization of the two-target scenario. Two targets (green

circle) are linearly moving with a constant velocity on their

trajectory (blue line). In one iteration a target generates two

correlated measurements (blue crosses), each with probability of

detection pD = 0:8. The measurements are drawn around the targets

true position according to a Gauss-distribution with covariance

matrix §. Furthermore, two clutter measurements (red crosses) are

generated uniformly over the field of view in each iteration.

Fig. 4. Legend for Figures 5—8.

For the evaluation of (60), an SMC-implementation is

used. The prediction is the same as for the standard

PHD-filter, where the probability of survival is set to

pS = 1:0 for all particles and the single-object transi-

tion density is defined by the continuous white-noise

acceleration model from [4] with q̃= 1:5. To reduce the

computational complexity, in each iteration 50 newborn

particles are generated around the measurements of the

previous iteration. For the initialization 100 particles

are uniformly drawn in the field of view. A standard

resampling-algorithm (see [33]) is carried out and the

maximal number of particles is restricted to 150. For the

update of the filter, (60) is implemented and conditions

(62) and (63) are used to restrict the number of parti-

tions. The likelihood-function is defined as follows. Let

Z μ R2 be the measurement space. Then,

EZ := Ø[
[
n¸1
Z(n) (75)

is defined analogously to Section II by the space of sets

of points in Z. The likelihood-function is given by

LZjX(i(¢) j ¢) : Ez nØ£R4!R: (76)

Let in iteration k 2 f1, : : : ,100g be mk 2 f2, : : : ,6g (num-
ber of clutter fixed to two, maximum number of mea-

surements per target is two) the number of all received

measurements. Let X μ R4 be the target state space (po-
sition + velocity in 2 dimensions, respectively). Then,

for a subset z = fz1, : : : ,zng 2 EZ nØ, n 2 f1, : : : ,mkg and
x 2 X arbitrary the likelihood-function is defined by
LZjX(i(z) j x) = p(jzj)¢

N

0BBBB@
0BB@
z1

...

zn

1CCA ,
0B@
Hx

...

Hx

1CA ,
0BBBB@
R C :: : C

CT R :: : C

...
...

. . .
...

CT CT : : : R

1CCCCA
1CCCCA ,
(77)

where H :=

μ
1 0 0 0

0 1 0 0

¶
and p : N! [0,1] defines

the probability of observing a set of measurements with

the respective number of elements. It is defined by

p(n) =

8<:
1¡PD, if n= 0

PD ¢
μ
2

n

¶
qn(1¡ q)2¡n, if n= 0,

(78)

where PD = q= 0:8. Note that given a specific target

state x 2 X the measurements are not conditionally in-

dependent. Since only the mutual independence of the

target-oriented measurement processes is needed in the

derivation of the generalized PHD-filter, the defini-

tion (77) makes sense. The mean number of clutter ¸

from (40) is set to two and the distribution of clutter

c : FOV! [0,1] is uniform in the field of view. To ex-

tract a state estimate in each iteration, the k-means al-

gorithm is applied to the set of particles, which were

present in the previous iteration. The number of clusters

k is given by the rounded number of estimated target

states from the PHD-filter in each iteration. Note that

the enhanced state extraction scheme, presented in [31]

needs to be modified for applying it to a scenario where

several targets generate multiple measurements.

To assess the proposed PHD-filter 100 Monte Carlo

runs are performed for different parameterizations of the

approximation conditions (63) and (62). Figure 7 visu-

alizes the results of the different parameterizations in

terms of the estimated number of targets. It can be seen

that the estimated number of targets does not depend on

the chosen partition-sizes, that is it does not depend on

approximation criterion (63). This is due to the fact that

the number of significant partitions with significance

threshold ¿ = 0:0 (and ¿ = 1:0) is more or less equal for

all three investigated parameterizations Nmin = 2=Nmax =

2, Nmin = 1/Nmax = 3 and Nmin = 1/Nmax = 6. Figure 9 vi-

sualizes exemplary for one parametrization the mean

number of partitions, where in each Monte Carlo run

the mean number of significant partitions is computed
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Fig. 5. RMSE with respect to target 1 (a) and target 2 (b). Due to

the fact that the generalized PHD-filter over estimates the number of

present targets if the significance threshold ¿ is set to 1.0 (see Figure

7) and the fact that the target state extraction is based on the

rounded number of estimated targets, the parametrization using

¿ = 1:0 perform better in terms of the RMSE than the

parametrizations using ¿ = 0:0.

for each time-step over all particles. Furthermore, it can

be seen from Figure 7 that the parameterizations with

significance threshold ¿ = 1:0 have a larger deviation in

terms of the estimated number of targets than the param-

eterizations using the significance threshold ¿ = 0:0 and

over-estimate the true number of present targets. This

yields to a better performance of the parameterizations

using the significance threshold ¿ = 1:0 in terms of the

root mean squared error (RMSE) with respect to the two

true target states, which can be seen in Figures 5. This is

due to the fact that the target state extraction is done us-

ing a k-means clustering algorithm, where k is given by

the rounded estimated number of targets. Therefore, the

over-estimation of the number of targets by the parame-

terizations with significance threshold ¿ = 1:0 yields to

a clustering that always estimates at least two clusters. In

contrast to that, the parameterizations with significance

Fig. 6. Mean of the OSPA-values with order p= 2 and cut-off

value c= 100. In terms of the OSPA-metric the parametrizations

using ¿ = 0:0 perform better compared to those that use ¿ = 1:0,

since the over-estimation of the number of targets (see Figure 7) is

penalized by the OSPA-metric. The change of the number of

investigated partitions does not yield a significant alteration of the

results.

Fig. 7. Estimated number of targets, where the dashed black line

shows the true number of present target.

threshold ¿ = 0:0 under-estimate the true target number

for some iterations and thus the k-means clustering algo-

rithm estimates only one cluster for these iterations. In

iterations, where no estimate for a specific target is pro-

duced by the generalized PHD-filter, the squared error is

set to 1002 m = 10000 m. However, the over-estimation

yields to a worse performance of the parameterizations

using significance threshold ¿ = 1:0 compared to the

parameterizations, which use a significance threshold

¿ = 0:0, since each over-estimation is penalized by the

OSPA-metric. The result in terms of the mean time con-

sumption per iteration is shown in Figure 8. It can be

seen that the parameterizations using the significance

threshold ¿ = 1:0 are faster compared to the parameter-

izations using a threshold of ¿ = 0:0. Furthermore, the

parameterizations with Nmin = 2/Nmax = 2 perform bet-
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Fig. 8. Comparison of the mean time for updating the generalized

PHD-filter of different parametrizations. It can be seen that the more

partitions the filter processes and the smaller the significance

threshold ¿ is chosen the longer the update takes.

Fig. 9. Mean number of partitions resulting from condition (62)

and mean number of partitions due to condition (63) for two

parameterizations (Nmin = 2/Nmax = 2 (black), Nmin = 1/Nmax = 3

(red)). The number of all partitions is given by the Bell number

(blue). For the computation of the mean number of significant

partitions in each Monte Carlo run the mean number of significant

partitions is computed for each time-step over all particles.

Afterwards, the mean of the number of significant partitions is

computed over all Monte Carlo runs. The number of significant

partitions is almost the same for the two parameterizations.

ter in terms of time consumption than Nmin = 1/Nmax = 3

and Nmin = 1/Nmax = 6. In summary: the less partitions

and the larger the significance-threshold is, the faster

and worser the algorithm performs.

Also a parameterization without using the two ap-

proximation conditions has been investigated in terms

of processed time per iteration. Since for this non-

approximated SMC generalized PHD-filter one iteration

took up to 5:30 ¢ 103 s, only one MC-run has been per-
formed. Thereby, the mean computation time was 2:28 ¢
103 s, which shows, that even if Nmin = 1 and Nmax = 6

(no approximation in terms of (62) has been made) and

Fig. 10. A single target moves on a linear trajectory with constant

speed in an urban environment. At each instance of time multipaths

are created using a ray-tracer on a grid and the measurement process

is simulated using a Gaussian distributed noise for each

multipath–parameter. Furthermore, the detection process is

simulated. The colors indicate the received field–strength at the

observer (star). Map Data: ©GeoBasis-DE/BKG 2015. Ray-Tracer

Visualization: AWE Communications.

¿ = 0:0 is chosen, the respective generalized PHD-filter

parameterization (Nmin = 1=Nmax = 3,¿ = 0:0) performs

about 45 times faster than the standard version, which

does not use any approximation condition at all.

All in all, it is numerically shown that the proposed

methods of approximation for the generalized PHD-

filter can be applied to scenarios where targets gen-

erate multiple measurements. It should be noted that

the definition of the likelihood-function does depend on

the considered scenario and is not part of the numeri-

cal evaluation of this work. Furthermore, the follow-

ing should be kept in mind. The integral of the clutter-

intensity ¸c(¢) yields the number of false measurements
(not false targets). Thus ¸ denotes the mean number of

false measurements per iteration. Hence, clutter is de-

fined in terms of elements of the measurement space,

not as clutter targets in the target space. Thus, in sce-

narios where clutter scatterer generate multiple clutter-

measurements per scan, enhanced clutter models need

to be investigated.

B. Single Target Blind Mobile Localization Scenario

To demonstrate the connection of the presented ap-

proach to the challenge of BML a single-target scenario

in a simulated urban environment is presented. For gen-

erating multipath-measurements, a database for a fixed

OS and a grid of MS locations is generated by using a

ray-tracing simulation. The distance between two grid

points is set to 10 m. The number of received multipaths
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Fig. 11. Zoom of the investigated scenario. Map Data:

©GeoBasis-DE/BKG 2015. Ray-Tracer Visualization: AWE

Communications.

is restricted to six and each multipath is characterized by

its azimut (angle) of arrival (AoA), its elevation (angle)

of arrival (EoA) and its relative time of arrival (RToA)

with respect to the first received multipath. Thus,

Z := [0,2¼]£ [¡¼,¼]£R>0 (79)

and

EZ := Ø[
[
n¸1
Z(n) (80)

analogously to Section II. Afterwards, a linear ground-

truth for the target (that is an electromagnetic emitter),

which is moving with a constant velocity of 2.4 m/s,

is simulated (see Figure 11). Then, in each time-step

the lower left grid point of the box, in which the tar-

get is located in, is determined. The multipaths which

correspond to the chosen grid point are taken to gen-

erate the multipath-measurements, referred to as the

true multipaths in the following. First, in each iteration

Gaussian-distributed noise is added to the true multi-

paths, where the standard deviations are set to ¾AoA =

¾EoA = 0:001 rad for the azimuth and elevation of arrival

and ¾RToA = 1:0=c s, where c := 299792458 m/s defines

the speed of light. Furthermore, the detection is simu-

lated by a binomial detection process with probability

of detection of pD = 0:95. No clutter is added to the

measurements.

The generalized PHD-filter is implemented includ-

ing the approximations proposed in (62) and (63), where

Nmin := 3, Nmax := 6 and the threshold for significance

of a partition ¿ := 1:0 ¢1010. The field of view (FOV) of
the considered scenario is given by

FOV := [645259:0,645999:0]£ [5495257:0,5496747]:
(81)

Furthermore, the probability of detection is indepen-

dent of the target’s state space, that is p(n,x) = p(n)

for all x 2 X = FOV£R2, n 2 f1, : : : ,6g. It is modeled
by (71), where q := pD := 0:95. Then, it is incorporated

into the likelihood-function, which is defined for a hy-

pothetical emitter position » 2 X and a set of multipath-
measurements ZK := fzkgKk=1, where zk 2 Z (according
to the ideas presented in [1]) by

p(fzkgKk=1 j ») := p(n) ¢¸K¡n© ¢
Y
j2I
N (hj»;zij ,Cij ), (82)

where

h» := fhk»gMk=1 (83)

denotes the set of predicted multipaths with respect to

» and the fixed OS coming from the ray-tracer. The

occurrence of clutter in a set of multipaths is modeled by

¸© :=
0:1

FOV
, (84)

which is equal to the clutter density of the general-

ized PHD-filter. In [chapter 4.4][1] and [2] the prob-

abilistic likelihood-function is defined by the sum over

all possible data interpretation, that is all possible as-

sociations between measured and predicted multipaths.

Therefore, a possible data interpretation is denoted by

EKi1,:::,iM , where

ij :=

8>>>><>>>>:
0, no association, measured

multipath is not detected

k 2 f1, : : : ,Kg, jth predicted multipath is

associated with measured

multipath k

:

(85)

However, due to the computational effort, we only use

the best data association, which is determined by ap-

plying the Munkres-algorithm [5] to the set of mea-

sured and predicted multipaths, using the Mahalanobis-

distance with the covariance matrix

Cij = C = diag[¾2AoA ¾
2
EoA ¾

2
RToA] (86)

for the construction of the cost matrix. Thus, the index ij
in (82) denotes the best (global) association for the spe-

cific predicted path. The generalized PHD-filter is real-

ized by an SMC-implementation, since the likelihood-

function can be computed only point-wisely. The max-

imal number of particles used by the generalized PHD-

filter is given by 700 and particles are only drawn and

predicted to grid points, where at least one multipath can

be received due to the available database. In each itera-

tion 200 newborn targets are uniformly drawn over the

FOV. The single-object transition density is defined by

the continuous white-noise acceleration model from [4],

with q̃= 1:5 and the probability of survival pS = 1:0. To

extract the target states the weighted mean of all parti-

cles is computed.

To compare the result of the proposed generalized

PHD-filter, the approach proposed in [9] is considered.

There, standard PHD and intensity filters (iFilter) are

applied to BML. Since the standard PHD and iFilter

make the assumption that a target generates at most

one measurement per sensor-scan, the integral of the
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intensity, that is the estimated number of targets, that are

present in the FOV, is equal to the estimated number of

measurements. Due to the fact, that one target in BML

can emit several multipaths a post-processing is needed

for the state-extraction. Thus, in [9] a generalization of

the so-called particle grouping from [31] is presented.

In the following the generalized mean computation from

[9, Section 4.B] together with an SMC-implementation

of the iFilter [33] is applied. The likelihood-function of

a hypothetical emitter position xi 2 X and one multipath
zk 2 ZK , k 2 f1, : : : ,Kg is defined by

p(zk j ») :=
8<:
N (hj»;zij ,Cij ), if 9j 2 f1, : : : ,Mg

such that ij = k

0, otherwise

(87)

The assignment is done via Munkres Algorithm be-

tween the set of measured multipaths Z and the set of

predicted multipaths h» of ». Therefore, the index ij de-

notes the assigned measured multipath ZK of the jth
predicted multipath from h» . The probability of detec-

tion is set to pD(x) = 0:9 for all x 2 X and the detection
probability in the space of hypothesis SÁ is defined by

pD(Á) = 0:4. The transition probability from SÁ to S is
set to ª(x j Á) = 0:2, the transition probability in SÁ is
defined as ª (Á j Á) = 0:01 and the transition probability
from S to SÁ is given by ª(Á j x) = 0:1. The number of
particles is restricted to 1500. The thresholds for tar-

get existence of the standard iFilter and the generalized

PHD-filter are set to 0 to make the filter comparable in

their RMSE-performance.

To assess both filters with respect to accuracy 100

Monte-Carlo runs of the presented scenario are per-

formed. The results in terms of the RMSE is shown

in Figure 12. It can be seen that both filters perform

more or less equivalent after iteration 30 (the general-

ized PHD-filter is slightly better in terms of its RMSE-

performance). However, it also can be seen that until

iteration 20 the generalized PHD-filter performs worse

than the standard iFilter. First, it can be seen that the ini-

tialization of the generalized PHD-filter is not as good

as the initialization of the standard iFilter. This is essen-

tially due to the fact that the likelihood-function of the

generalized PHD-filter is much more restrictive than the

likelihood-function of the standard iFilter. This is visu-

alized in Figure 14 (a) and (c) which shows the sum of

the likelihood-functions given in (82) and (87), that isX
¼2¦ZK

(1,3:6)

p(¼ j »), (88)

where ¦Z
K

(1,3:6) denotes the set of all partitions of ZK ,
where the subsets of one partition possess cardinality

c 2 f1,3, : : : ,6g, that is
¦Z

K

(1,3:6) := ff¼Z1 , : : :¼zmg : ¼zi μZK , j¼zi j 2 f1,3, : : : ,6gg
(89)

KX
k=1

p(zk j ») (90)

for the standard iFilter and all » 2 X respectively. The

number of investigated partitions is restricted due to

the approximation condition (62), where Nmin = 3 and

Nmax = 6. For better visualization only values of the

likelihood-function, which are larger than 1 ¢ 1010 are
plotted. It is obvious that the shape of (88) is sharper

and therefore more restrictive than (90). This is due to

the fact that the likelihood-function in (82) is given by a

product of Gaussians. Therefore, partitions with at least

one unlikely subset of multipaths (with respect to a hy-

pothetical emitter position) possess a small likelihood-

function value. This contrasts the likelihood-function of

the standard iFilter, which only assesses single multi-

paths (see 87). Thus, the time of convergence (until it-

eration 10—11) of the generalized PHD-filter is longer

than the time of convergence of the standard iFilter. Fur-

thermore, it can be seen from Figure 12 that the local-

ization of both filters around iteration 15 gets worse,

while the generalized PHD-filter performs worse than

the standard iFilter. This is due to the fact, that the

likelihood-functions produce ambiguities in terms of

the most likely hypothetical emitter position, which is

shown in Figures 14 (b) and (d) for iteration 15. Since in

some MC-runs a correct initialization of the generalized

PHD-filter was not performed until the occurrence of

these ambiguities, the generalized PHD-filter performs

worse than the standard iFilter. However, the general-

ized PHD-filter performs better in iteration 20—25, since

the restriction cancels out the ambiguities earlier than

the likelihood-function of the standard iFilter.

The comparison of both filters in terms of estimated

number of targets, that is the integral of the intensity

function over FOV is presented in Figure 13. Due to

the assumption that one target generates at most one

measurement per iteration the standard iFilter estimates

the number of multipaths which belong to a target.

In contrast to this the generalized PHD-filter estimates

after a few iterations the correct number of present

targets.

In terms of time consumption the standard iFilter

clearly outperforms the generalized PHD-filter: For one

MC-run the standard iFilter needs 82614 ms, where

the generalized PHD-filter takes 20250085 ms, which

shows that it is of factor 245 slower than the standard

iFilter.

VI. CONCLUSION AND FUTURE WORK

In this paper two different ways of approximation

for the generalized PHD-filter update from [7] are pro-

posed. In contrast to approximations for extended ob-

ject and group tracking, the spatial relation of the mea-

surements in the measurement space is not used. The

approximations are based on incorporating the a pri-
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Fig. 12. RMSE of the standard iFilter, which uses an enhanced

post-processing scheme for target state extraction and the

generalized PHD-filter applying the proposed approximation

conditions with Nmin = 3, Nmax = 6 and ¿ = 1:0 ¢ 1010.

Fig. 13. Estimated number of targets, that is the sum of all particle

weights before resampling of the standard iFilter and the generalized

PHD-filter. Due to the assumption that one target generates at most

one measurement per iteration, which is violated in the considered

scenario, the standard iFilter estimates the number of multipaths,

which belong to target. The generalized PHD-filter is able to

estimate the correct number of present targets.

ori knowledge on the number of measurements per tar-

get and the significance of a partition in terms of the

likelihood-function. Therefore, the proposed approxi-

mations can be applied to scenarios, where a spatial

distribution of the measurements is not available. Fur-

thermore, the detection process is modeled as a func-

tion of target state and number of measurements and

the usage of the Binomial- and Poisson-distribution for

conditionally independent and identical distributed de-

tection processes of the single measurements is moti-

vated. An example for such a kind of scenario is BML

where mobile terminals have to be tracked passively and

non-cooperatively in an urban environment (see [9], [1],

[2]). Two numerical examples for assessing the pro-

Fig. 14. Visualization of the likelihood-functions (88) and (90) at

two instances of time.

posed methods are presented. First, a two-target sce-

nario, where each target generates multiple correlated

measurements is used to show the applicability of the

TRACKING TARGETS WITH MULTIPLE MEASUREMENTS PER SCAN USING THE GENERALIZED PHD FILTER 139



proposed methods and to discuss the number of parti-

tions that have been reduced. Several parameterizations

are investigated and compared to each other. Second, a

single-target BML-scenario is investigated and the gen-

eralized PHD-filter, using the proposed approximations

and the generalization of the probability of detection is

compared against an adaption of the standard intensity

filter in terms of runtime, the estimated number of tar-

gets and the RMSE performance.

Future work will investigate improved schemes for

state extraction and enhanced clutter modulation.
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Track initiation for blind mobile terminal position tracking

using multipath propagation.

In Proceedings of the 11 th International Conference on

Information Fusion, Cologne, Germany, 2008.

[3] H. W. Alt

Lineare Funktionalanalysis.

Springer, 2012.

[4] Y. Bar-Shalom, X. Li, and T. Kirubarajan

Estimation with Applications to Tracking and Navigation.

Wiley-Intersience, 2001.

[5] F. Bourgeois and J.-C. Lassalle

An extension of the Munkres algorithm for the assignment

problem to rectangular matrices.

Communications of the ACM, 14(12):802—804, Dec. 1971.

[6] D. Clark and J. Houssineau

Faa di bruno’s formula for chain differentials.

arXiv Preprint arXiv:1310.2833, Okt. 2013.

[7] D. Clark and R. Mahler

Generalized PHD filter via a general chain rule.

In Proceedings of the 15th International Conference on In-

formation Fusion, Singapore, 2012.

[8] D. J. Daley and D. Vere-Jones

An introduction to the theory of point processes.,

volume 2. Springer, 2nd edition edition, 2008.

[9] C. Degen, F. Govaers, and W. Koch

Emitter localization under multipath propagation using

SMC-intensity filters.

In Proceedings of the 16th International Conference on In-

formation Fusion, Istanbul,Turkey, 2013.

[10] C. Degen, F. Govaers, and W. Koch

Tracking targets with multiple measurements per scan.

In Proceedings of the 17th International Conference on In-

formation Fusion, Salamanca, Spain, 2014.

[11] C. Degen, R. Streit, and W. Koch

On the functional derivative with respect to the Dirac delta.

Submitted to the 10th Workshop on Sensor Data Fusion:

Trends, Solutions, and Applications, Bonn. July 2015.

[12] P. A. M. Dirac

The physical interpreatation of the quantum dynamics.

Proceedings Royal Society, 113:621—641, 1927.

[13] E. Engel and R. M. Dreizler

Density Functional Theory.

Springer, 2011.

[14] F. G. Friedländer and M. Joshi

Introduction to the Theory of Distributions.

Cambridge University Press, 2nd edition, 1999.

[15] K. Gilholm, S. Godsill, S. Maskell, and D. Salmond

Poisson models for extended target and group tracking.

In SPIE Conference 5913: Signal and Data Processing of

Small Targets, 2005.

[16] K. Grandström

Extended Object Tracking using PHD filters.
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